We examine the gravitational collapse of an infinite cylinder of time-like dust assuming that the axial and azimuthal metric functions are equal. We show that the collapse terminates in the formation of a curvature singularity and provide evidence suggesting that the non-axial singularity is covered.
Introduction
While there have been many analytical studies of spherical gravitational collapse [1] , there have been only few investigations of non-spherical collapse, the obvious reason being the complexity of Einstein equations. Thus most of our present understanding of cosmic censorship and the nature of singularities stems from studies of spherical collapse. Given the impact that the results of these studies have had on our understanding of the end states of classical collapse, it is of interest to ask what may emerge from studies of gravitational collapse with different topologies.
A very useful study of the collapse of an infinite cylindrical null dust shell was initiated by Thorne [2] . This is described by the metric ds 2 = e 2(γ−ψ) dt 2 − dr 2 − e 2ψ dz 2 − α 2 e −2ψ dφ 2 .
The metric functions depend on t and r. This form of the metric can be inferred by first writing down the static Weyl axisymmetric metric for an infinite line Newtonian source
in which the metric functions depend only on r and z. The transformation t → iz, z → it in this metric then yields the metric (1) . It is invariant under Lorentz transformations in the (t, r) plane and represents a cylindrical null dust shell. Apostolatos and Thorne [3] used the above nullshell metric to show that rotation can halt the collapse of the cylinder. The formation of a naked singularity for the infinite cylindrical null shell collapse was established by Echiverria [4] . Naked singularities for counter-rotating dust shells were shown to occur, by Goncalves and Jhingan [5] and by Nolan [6] , and an exact dynamical solution was given by Pereira and Wang [7] .
The collapse of non-rotating, time-like, infinite cylinder dust clouds has so far gone unexamined (for an exception see the work of Chiba [8] ). Although the collapse of an infinite cylinder may not constitute a "realistic" collapse scenario, it can simulate the collapse of a finite "bar" or spindlelike matter distribution very near the central regions of the spindle. In this sense the collapse of an infinite cylinder is of astrophysical interest. More importantly, however, the problem probes the structure of the general theory of relativity. Our study in the present paper is of an infinite cylindrical cloud of time-like dust and is motivated by what is known for spherical time-like dust collapse, i.e., the Tolman-Bondi spacetime. We make one assumption, namely that the azimuthal and axial metric components are equal to each other. The resulting system is a 2-d system (in which the metric depends on a radial coordinate, r and on time, t) which bears some resemblance to spherical dust collapse, and hence some useful conclusions can be drawn.
Collapse of an infinite dust cylinder
Consider an infinite cylindrical cloud of pressureless, inhomogeneous, time-like dust described by the stress tensor
where u 2 = −1. We first set up the metric for the interior of this infinite dust cylinder, using comoving coordinates (t, r, z, φ). Assuming that z represents the axis of symmetry of the cylinder, the metric functions depend only on t and r. As a consequence of axisymmetry the functions g tφ , g rφ and g zφ all vanish. Moreover, for an infinite cylinder, invariance under z → −z implies that g tz and g rz also vanish. We can use the freedom of coordinate transformations from the pair (t, r) to a new pair (t ′ , r ′ ) to set two functions to zero: these are g tr and the radial velocity u r . As a result of the latter condition, r is determined to be a comoving coordinate. Since the matter is dust, the metric can be comoving and synchronous, so that g 00 = 1. The metric for an infinite dust cylinder can hence be written in terms of three unknown functions of two variables as
The energy-density ǫ(t, r) being the only non-zero component of the energy-momentum tensor, Einstein's equations for this spacetime are (dot and prime denote derivatives w.r.t. t and r, respectively):
The conservation of the energy-momentum tensor gives the relation
where ψ(r) is an integration function, to be determined by the initial data. We also note that adding equations (5), (6) and (7), and using (9) and (10) gives the relation
Instead of working with the five Einstein equations (5)- (9) we will work with the equivalent set given by the equations (5), (8), (10), (11) and the difference (6)−(7).
We now assume that B(t, r) ≡ rM (t, r). For a finite axisymmetric object like a spheroid this would probably not be allowed by Einstein equations but, as we see below, the equations are selfconsistent when this assumption is made for an infinite cylinder. The study of this system may be thought of as a prelude to examining the most general case, when B and M are not related. The physical meaning of the assumption is that the object shrinks at the same rate along the radial direction and the axis, so that its 'prolateness' or 'oblateness' does not change with time. With this assumption the metric (4) becomes
and Einstein's equations for this metric are as follows: eqn. (5) becomes
These two are the dynamical equations, while the remaining three equations are constraints. Eqn.
whereas the difference (6)− (7) gives
and the conservation equation (10) now is
Eqns. (13)- (17) are the Einstein equations for the metric (12). Eqn. (16) can be solved to give
where h(t) is a arbitrary function of time. Eqn. (15) implies that
where g(r) is an integration function. Using (19) and (18) in the first dynamical equation (13) gives
while the second dynamical equation becomes
Eqn. (20) can be integrated and written aṡ
where η(r) is another integration function. We therefore have three integration functions.
Comparison with spherical dust collapse
Let us compare this system of equations with those for spherical dust collapse, described by the Tolman-Bondi spacetime:
The Einstein equations for this metric are:
The conservation equation is
We also note that adding equations (24) and (25) and using (27) gives As is well-known, the spherical dust system is easily integrated, as follows: eqn. (26) is integrated to get L 2 = R ′2 /(1 + f (r)) and this, when used in (24), gives
Eqns. (28) shows that ψ(r) = F ′ /2 1 + f (r). Thus there are two free functions, F (r) and f (r), and these are determined by the initial density and velocity distribution. A third free function arises from the integration of (31), but this is related to the freedom in transforming from the comoving coordinate r to some other coordinater =r(r).
It appears that for the cylinder, the free functions cannot be determined entirely in the same way as for the spherical case, and this is because of the extra relation (18) which is there for the cylindrical case, but not for the spherical case. Thus, suppose we make the choice B(t 0 , r) = r at the start of collapse, t = t 0 , (this implies M (t 0 , r) = 1). Then according to (18) and (19) we have g(r) = 1/2 √ rh 0 ; this fixes g(r). In the spherical case, the choice of initial scaling does not determine the function f (r), which is the analog of g(r).
Once the function g(r) is known, the free function η(r) in (22) can be fixed by knowing the initial velocity distribution,Ḃ(t 0 , r) = v(r). The function analogous to η(r) in the spherical case is F (r), and F (r) gets determined by the initial density. The function ψ(r) in the cylindrical case is determined by the initial density distribution, and there does not seem to be any relation between ψ(r) on the one hand, and g(r) and η(r) on the other.
Singularity formation and the nature of the singularity
Using these initial conditions the two dynamical equations can be written as
and 4h 2 0Ḃ
We would now like to try and extract useful information from these dynamical equations, even though they cannot be solved exactly. An important question is whether the collapse proceeds all the way to the formation of a singularity, given by B = 0. That this does happen can be inferred from eqn. (20) . If the last term (i.e., −r 2 /4h 2 B 2 ) were not present, the equation would describe the spherical dust system (compare (30)) which, we know, develops a shell-focusing singularity at R = 0. In the cylindrical system, the presence of the additional negative term in (20) makes the acceleration even more negative, compared to the spherical system. This ensures that at every epoch in the evolution the inward velocity in the cylindrical case is more negative than the spherical case (assuming the same initial conditions: rg 2 (r) = f (r)), and hence the cylindrical evolution also proceeds to B = 0. This argument does not apply to the center, r = 0, which is always at rest, but since a point arbitrarily close to the center becomes singular, it is plausible that the center does so too.
The next question of interest is whether the singularity is naked or covered. This question can be addressed by looking at the expression for null geodesic expansion θ for radial null geodesics. The non-zero components of the tangent to the null geodesic are K r (t, r) and K t (t, r), while the components K z and K φ are zero. The calculation of θ for the cylindrical metric (12) proceeds exactly as for the spherical case discussed in [9] and we get the result 
The two expressions are in fact very similar.
In order to address the question of nakedness using the expression (34) for θ, we first note that in this expression the quantities K r and Z ′ /Z are positive, the former because we are considering outgoing geodesics and the latter because of eqn. (19). For the collapse to initially begin from an untrapped condition (i.e. θ positive) it is thus essential that the negative initial velocityḂ 0 satisfy the condition |2h 0Ḃ0 | < 1. The singularity arising will be covered if, in the limit of approach to the singularity, 2h 0Ḃ becomes less than −1, since that will make θ negative, resulting in trapping.
To check this, let us examine Eqn. (33), by first writing it as
Consider first r = 0. In the limit that B goes to zero, the sum of the two terms inside the bracket cannot go to a negative value, because that will make the r.h.s. go to −∞ while the l.h.s. is non-negative. Therefore the sum of these two terms can either go to a positive value or to zero in the limit. If it goes to a positive value then the r.h.s. goes to ∞. As a consequence, 2h 0Ḃ goes to −∞, making the limiting value of θ negative and the singularity covered. Now it is implausible that the sum of the two terms inside the bracket goes to zero, for the first term is determined entirely by initial conditions, and there seems to be no reason that the second term should evolve so as to exactly cancel the first one, in the approach to the singularity.
One can make the argument stronger by comparison with the corresponding spherical system, the way we did above when concluding the formation of the singularity. In the spherical case one knows from Eqns. (31) and (35) that a shell with a given label r becomes trapped when its physical radius shrinks to the value given by R = F , because that makes the inward velocityṘ sufficiently negative that θ becomes zero. (This in fact happens before the singularity R = 0 forms.) Now, if the spherical and the cylindrical system are started from identical initial conditions, the cylinder will have a greater inward velocity compared to the spherical system. This implies, from Eqn. (34), that at the epoch when the spherical shell becomes trapped, (1 + 2h 0Ḃ ) for the cylindrical shell r will be negative and hence this shell will be trapped, either before singularity formation, or at the same epoch when it becomes singular.
Conclusions
In this paper we have considered the collapse of an infinite cylindrical cloud of time-like inhomogeneous and pressureless dust subject to the condition that the axial and azimuthal metric functions are equal. We have solved all the constraints and expressed the system in terms of the three integration functions that correspond to the initial data. Although we have been unable to solve the two dynamical Einstein equations, we have succeeded in extracting the important physical implications of the collapse. By comparing the dynamics with that of a spherically symmetric dust cloud (Tolman-Bondi model), we concluded that the collapse ends in singularity formation along the zz− axis. Further, by analyzing the behavior of the null geodesic expansion parameter, θ, near the central singularity, we argued the singularity formed is likely to be covered.
Thorne's analysis of cylindrical collapse [10] led him to formulate the "hoop conjecture" which roughly states that horizons form only when the gravitational mass is confined in every direction to within a radius that is less than the Schwarzschild radius, 2M . In this paper we have presented an example of collapse that likely ends up in a covered singularity along the entire zz−axis, which shrinks to a zero physical length as the singularity is approached. This is a consequence of the assumption B = rM . It is therefore a support for the hoop conjecture but does not violate the cosmic censorship conjecture (which roughly forbids the existence of singularities that are not covered by horizons).
